Most existing zonal flow generation theory has been developed with a usual assumption of q r ρ θi 1 (q r is the radial wave number of zonal flow, and ρ θi is the ion poloidal gyrora- which extends the Rosenbluth-Hinton formula in the long wavelength limit is applied.
I. INTRODUCTION
An important role of zonal flows (ZF) in regulating turbulence and transport is now broadly accepted.
1,2
Most gyrokinetic simulation studies highlighting the crucial role of ZFs concentrated on ion temperature gradient (ITG) turbulence.
3,4
Since anomalous electron heat transport is ubiquitously observed from experiments even when the ITG mode seems stable, it's important to study ZF driven by trapped electron modes (TEMs). The collisionless TEM (CTEM) is driven by the trapped electron precession drift resonance, 5 and is considered to be an important potential contributor to the electron anomalous transport in the core of fusion devices. Theoretical calculations of the nonlinearity associated with 2 magnetically trapped electrons have been extensively investigated previously.
6-12
The TEM driven turbulence and transport have also been studied experimentally in some tokamaks, such as ASDEX upgrade, 13 Alcator C-Mod, 14 and DIII-D. 15 Recently, some gyrokinetic simulation works have paid more attention to ZF effects on the CTEM turbulence.
14, [16] [17] [18] [19] [20] [21] The nonlinear upshift of the critical density gradient for CTEMs due to suppression by turbulence-generated ZFs was reported, 14 which is analogous to the case for ITG modes. 4 On the other hand, weak influence of ZFs on the transport level was claimed for different parameter regimes. 16 These different behaviors are not necessarily in conflict due to parametric dependencies.
18,19
The geodesic acoustic modes' contribution to the shearing effects of ZFs is found to be insignificant in Ref. 20 , which is consistent with previous predictions.
22
So far, there are very few theoretical works 23 on ZFs in CTEM turbulence driven by the trapped electron precession drift resonance. In most existing ZF generation theories, 24, 25 the Rosenbluth-Hinton (R-H) formula 26 for neoclassical polarizability 1.6
θi was used, where is the inverse aspect ration, q r is the radial wave number of the ZF,
/Ω p is the ion poloidal gyroradius, and Ω p = eB θ /(m i c) is the ion poloidal gyrofrequency. This formula is valid only for the long wavelength limit, i.e., q r ρ θi 1. However, relatively short scale ZFs, i.e., q r ρ θi ∼ 1, have been found in recent nonlinear gyrokinetic simulations of CTEM turbulence.
17,20,21
The goal of this work is hence to extend the ZF growth calculation to this short wavelength regime.
In the present work, we analytically study the ZF generation in CTEM turbulence. We adopt the simple theoretical model of the dispersion relation and the linear growth rate for the CTEM in Ref. 5 . We also investigate the variation of the ZF growth rate normalized to the CTEM intensity in gyro-Bohm units with plasma parameters, including the normalized
electron to ion temperature ratio τ = T e /T i , and the wavelength of the ambient CTEM turbulence k ⊥ ρ i , where k ⊥ refers to the perpendicular component of CTEM wave vector,
/Ω i is the ion gyroradius, and Ω i = eB/(m i c) is the ion gyrofrequency. The principal results of this paper are as follows:
1. The generation of ZFs in CTEM turbulence is studied analytically. The instability of ZFs is calculated from the quasi-neutrality condition, in which the ZF modulated 3 transport-induced radial current is balanced by the ZF potential shielded by the polarization effect, following the approach by Diamond et al.
24
The transport-induced radial current is related to the wave action density N whose evolution is described by the wave kinetic equation. 24, 27, 28 2. An analytic expression for ZF growth rate in CTEM turbulence is derived by using the generalized polarization shielding for arbitrary radial wavelength.
29
This is an extension of the existing ZF generation theories 24, 25 using the R-H polarization shielding which is based on a usual assumption of q r ρ θi 1.
3. A relatively short spatial scale ZF, i.e., q r ρ θi ∼ 1, is predicted to be generated by CTEM turbulence. For the parameters considered in this work, the normalized growth rate of ZFs increases with decreasing k ⊥ ρ i , τ , and increasing
The regime of ZF radial scales corresponding to ZF growth becomes wider with decreasing τ , and increasing η e , but changes very slightly with
The remainder of this paper is organized as follows. In Sec. II, we present the analytic model employed in this work. In Sec. III, we give the principal results and discussion. Finally, we summarize our work, and discuss the limitations of the analytic model applied in this work, in Sec. IV.
II. ANALYTICAL MODEL
The turbulence-driven radial current is modulated by the ZF potential according to
where χ z denotes the generalized polarization shielding 29 of the ZF potential φ z . Here, Φ z = eφ z /T e is the normalized ZF potential, and J r is the turbulence-driven radial current.
The radial current is related to the convective fluxes, i.e., 
Here, γ k is linear growth rate of the CTEM, and χ is the difference of the real parts of the ion and electron susceptibilities.
Furthermore, for drift waves propagating in a weakly inhomogeneous media with slowly varying parameters, we can define the wave action density N (k, r, t) in ( k, r) phase space 30 with the help of the energy conservation theorem,
Here, the sign "−" is used to make sure N k > 0, which is different from the definition of Ref. 27 . It has the same form as a quantum number in a quantum mechanical system, and can be considered as an adiabatic invariant. Then we can relate the radial current and the wave action density N k by substituting Eq. (4) into Eq. (3)
Now, we substitute Eq. (5) into Eq. (1), so that the ZF modulation of the turbulence-driven current in Eq. (1) is replaced by the ZF modulation of N k . Thus, the frequency of the ZF, Ω ZF , with radial wave number q r , can be written as
Evolution of the wave action density N k is described by the wave kinetic equation 24, 27, 28 
where v g is the drift wave group velocity, v ZF is the ZF part of the E × B drift, and the second term on the RHS represents the nonlinear coupling. N k can be separated into an
which evolves on the ZF time scale Ω ZF and the spatial scale (q r , 0, 0). The modulation part can be obtained by linearization of Eq. (7),
where ω * e = k θ c s ρ s /L n is the electron diamagnetic frequency. Note that the modulated density gradient contribution alongside the equilibrium density gradient results in the second term (< 1) in the parentheses of last equation, 24, 28 i.e.,
Finally, substituting Eq. (8) into Eq. (6), we obtain the ZF growth rate
In Eq. (10), v gr < 0, and the term in parentheses is positive, so we expect growth, γ ZF > 0, for ∂ N k /∂k r < 0, i.e., for a monotonically decaying spectrum.
1,24
The ZF growth rate given by Eq. (10) where only resonant trapped electron drive is considered. In reality, nonresonant trapped electrons' contributions can be nonnegligible.
Here,
. G is a function of magnetic shearŝ and azimuthal angle θ 0 of the turning point of a trapped 6 electron. The geometry considered has circular, concentric magnetic surfaces with large aspect ratio. We use the explicit expression G = 0.64ŝ + 0.57 which is obtained by averaging over θ 0 .
31,32
For simplicity, we take a monochromatic wave packet, i.e.,
33
We approximate the summation in k in Eq. (10) by an integration.
After an integration by parts, then we can obtain the final analytic formula for the ZF growth rate
where the assumption γ ZF γ k is used.
We use the generalized expression for polarization shielding for arbitrary radial wavelength in Ref. 29 ,
with From this point, the second term in the parentheses of Eq. (13) is ignored for simplicity.
Therefore, the normalized ZF growth rate can be expressed explicitly as
Here, the ZF growth rate is normalized by (
so that all the temperature ratio and density gradient dependencies are included on the RHS of Eq. (15) for given T i . q is the safety factor. V gr is normalized with respect to ρ i ω * e , i.e., 
III. PARAMETRIC DEPENDENCIES OF ANALYTIC RESULTS
We have presented the analytic expression for the ZF growth rate in the last section. Now, we investigate its parametric dependence. We choose the following basic parameters:
9, R/L n = 2.2, and τ = 1. First, the normalized ZF growth rate as a function of ZF wavelength q r ρ θi is displayed in Fig. 1, with the wavelength of the CTEM as a parameter and the other parameters fixed. From this figure, we can see that the radial scale of the ZF corresponding to the maximum growth rate satisfies q r ρ θi ∼ 1. The normalized ZF growth rate increases with increasing wavelength of the ambient CTEM, whereas the regime of the ZF radial scale corresponding to ZF growth changes very slightly.
Next, in Fig. 2 , the normalized ZF growth rate as a function of q r ρ θi is displayed, with τ as a parameter and the other parameters fixed. The normalized ZF growth rate decreases and the regime of the ZF radial scale corresponding to ZF growth becomes narrower with increasing τ . This trend for the normalized ZF growth rate can be seen explicitly from
Eq. (15) . The normalized linear growth rate of CTEM is independent on τ in this model.
8
|V gr | increases with increasing τ , if one analyzes the expression for V gr carefully. These two factors result in the narrower regime of the ZF radial scale corresponding to the higher τ , although the latter can not be seen easily. A weak ZF effect on the transport level for large τ was reported in gyrokinetic simulations of CTEM turbulence.
16,19
Finally, the normalized ZF growth rates as a function of q r ρ θi are displayed in Fig. 3 and Fig 
2, R/L Te = 6.9, and τ = 1 where strong normalized ZF growth is predicted by our analytic formula.
IV. CONCLUSIONS
In the present work, we investigated the ZF generation in CTEM turbulence. The quasineutrality condition is used, in which the ZF potential shielded by polarization effects balances the ZF modulated transport-induced radial current.
24
The evolution of the wave action density N is described by the wave kinetic equation.
24,27,28
For simplicity, we adopt the theory of Ref. 5 for the susceptibility and the linear growth rate of the CTEM. Based on the theo-retical assumptions above, we derive an analytic expression for the ZF growth rate in CTEM turbulence in which the generalized polarization shielding for arbitrary radial wavelengths is used.
29
It extends the existing ZF generation theories 24, 25 using the R-H polarization shielding, which is valid for the long wavelength limit, i.e., q r ρ θi 1, to a wider regime of ZF radial scales.
We obtain a fine-scale ZF with q r ρ θi ∼ 1 generated by CTEM turbulence for the parameter regime considered in this work. The validity regime has been extended by employing a generalized polarization shielding which can be used for arbitrary wavelength 29 rather than the R-H formula for the long wavelength limit. We also investigate the variation of the ZF growth rate with plasma parameters. The normalized ZF growth rate increases with increasing wavelength of the ambient CTEM, decreasing τ , and increasing η e . The stronger ZF growth with higher η e is qualitatively consistent with previous analytic theory 23 when η e is below the resonant point in Ref. 23 . We obtain small normalized ZF growth rates for high τ where the ZF influence on the transport level is weak, 16, 19 and strong normalized ZF is not studied explicitly in this work. In addition, there's no guarantee that the eikonal description of the wave kinetic approach will work well for the fine-scale ZF generation driven by CTEM turbulence. We have used the wave kinetic equation for the wave action density in our derivation because the efficiency of this approach, which relies mostly on conservation laws rather than on a particular nonlinear mode coupling channel involving a few modes, has been demonstrated before. Recently, new insight has been gained on the ZF dynamics by considering the inviscid invariance of the potential vorticity.
37
The resulting momentum theorem states that in the absence of turbulent transport, dissipation and turbulence spreading, stationary turbulence cannot excite a ZF. In most analytic theories of ZF generation, the growth of turbulence (i.e., nonstationarity) plays a crucial role. Extending the aforementioned momentum theorem to turbulence models such as ITG and CTEM which are more directly relevant to tokamak confinement physics should be rewarding. Finally, the drift-wave-ZF system behavior cannot be completely understood without considering the random shearing 22, 24 of drift wave turbulence via ZFs. 
